1 Holomorphic functions

Before we start, let us very briefly recall the complex numbers. We define
the complex numbers, denoted C, to be the set of pairs (x,y) of real numbers
together with the following two binary operations, called the “addition” and the
“multiplication” of C, defined by

(w1,91) + (z2,92) == (1 + 2,91 + Y2)

and

(x1,y1) - (T2,92) = (x122 — Y1Y2, T1Y2 + Y122)

for all real numbers x;,y; (i = 1,2). Using the laws of distributivity and com-
mutativity in R, one easily verifies that the operations +,- introduced above
are also distributive and commutative. Furthermore, one checks that (C,+)
and (C —{(0,0)},-) form abelian groups with neutral elements (0,0) and (1,0)
respectively. F.e. let z = (x,y) # 0, then the multiplicative inverse of (z,y) is

given by
27t = -z ¥
2 + y27 2 + yQ .

So C is in fact a field. Moreover, the map
o:Rozr (2,0)€C

is an injection of R into C, i.e. it is an injective map which is “structure pre-
serving” in the sense that

¢(x1 + 72) = (1) + d(22) and ¢(r172) = d(z1)P(2)

for all x1,x2 in R. So we may identify R as a subfield of C, which we will do
in what follows. Now, if we introduce the vector ¢ = (0,1), then C as a real
vector space of dimension two will have 1 = (1,0) and 7 as a basis so that every
z in C can be uniquely written as z = x 4 yi where x,y are real numbers. Also,
we introduce the complex conjugate Z of the complex number z = z 4 yi as the
number x — yi. Note that 2z = 22 + y2. We let |z| := V22 = /22 + y2 and
get the Euclidean distance of the vector z = (z,y) from the origin. This is an
absolute value. In particular, we have

|z122| = |21]|22]

for all z1,22 in C. Finally, we will denote 0,0, the partial derivatives with
respect to x,y.

Let us now come to the central object of study.

Definition 1.1. Given a function

f:ucc=cC



where U C C is open, we say that f is holomorphic iff at every point zg in U the
function f is complez-differentiable, i.e. if there is a point in C, written f(zo),

such that
f(zo+h) — f(z0)

A — f'(20)

whenever h — 0 (h € C — {0}).

Obviously, polynomials over C, i.e. functions of the form
p(z)=ao+a1z+ ... + a,z"

with coefficients a; in C, are holomorphic over the whole complex plane C. Note
that complex differentiability is a quite strong notion of differentiability, since
we are considering limits h = hy + ihe — 0 (hq, ho real) where we have hy — 0
and he — 0 independently. Letting in particular h = h; +1¢-0 — 0, we see
that 0, f(z0) = f'(20) and letting h = 0 +iho — 0, we get —id, f(20) = f'(20)-
From this it follows that

9-1(20) = 0 (1.1)
where we let 05 := 0, +10,. Writing f = u+14v where u, v are functions U — R,
we see that is equivalent to the Cauchy-Riemann-equations

Ozu(z0) = Oyv(20) and J,v(2p) = —0yu(z0)

being fulfilled.
Let us now recall that a function F' : U C R? — R? is differentiable at a
point vg in U iff there is a real 2 x 2 matrix A and a norm ||-|| on R? such that

| F'(vo + h) — F'(vo) — Ah||
Al

— 0

as h — 0 (h # 0). Since all norms in R? are equivalent, the above notion of
differentiability is independent of the choice of ||-||. Also, as one verifies, A is
the Jacobian matrix given by (9;F;(vo))i<i j<2.

Using our absolute value |- | on C defined above, which is of course a norm
on C viewed , and considering again our holomorphic function f: U C C — C,
we have for every zy in U that

|(f(z0 + h) = £(20)) /1 = f'(z0)| = [f(20 + 1) = f(20) = f(20)hl/|2] = O

as h — 0. So we see in particular that complex-differentiability implies differen-
tiability. If we write down the matrix of our linear map h — f'(z9)h = 0, f(xo)h
with respect to our (ordered) basis 1,4 of C, we get

Ozu(20)  —0zv(20)

Lemma 1.2. Given a function f : U C C — C, where U is an open subset of
C, then following are equivalent:



1. f is complex-differentiable.
2. f is differentiable and 0z f(z) =0 for all z in U.

Proof. We have already seen that 1. implies 2. Assume therefore that 2. holds
and choose zp in U. Writing down the Jacobian of f with respect to our basis

1,7 of C, we get
( Opu(z0)  Oyu(zo) >
O0xv(20) Oyv(20) )

Because of 9;f(z) = 0, we may use the Cauchy-Riemann-equations on the
second column of our matrix and get the matrix (1.2). From this 1. follows
easily.

O

If we have reviewed the facts about complex analysis we need, we will use them
to look more closely at some properties of the Riemann zeta function.



2 Line integrals, Jordan curves and Cauchy’s in-
tegral theorem I

The goal of this chapter is to prove a very famous and important theorem of
Cauchy (with the help of Greens theorem).

We will first need some terminology. A piecewise C' curve in the complex
plane C is any continuous map

v :la,b] = C
(a < b) such that there is a decomposition of [a, b]
a=20< 21 < .. <Tp_1<Tp=2>

for which the restriction of v to each piece [x;—1,z;] (¢ = 1,2,...,n) is one
times continuously differentiable. We let im(y) := v([a, b]) and inspired by real
analysis define the length of -, written length(y), to be the integral

/ab V() + s (t)2dE = /ab Y (B)ldt,

where v = 1 + 72 with real-valued functions 1, ys.
Recall that a complex 1-form on an open subset U of C is an expression

a(z) = fi(z)dz + fa(2)dy

where f1, fo are maps U C C — C. These forms obviously can be added to each
other and multiplied by functions f : U C C — C and form a module of rank
two over the ring of all complex valued functions defined on U.

Given such a form «, where we assume f1, fo to be continuous and given a
piecewise C! curve v =1 +iv2 : [a,b] = C (a < b) such that y([a,b]) C U, we
define the line integral of « with respect to v as

b
/ o= / FOMLE) + f(r(#)h (1)t

We call any piecewise C! map 1 : [c,d] — [a,b] which is surjective and for
which ¢’ > 0 a parameter transformation from [c,d] to [a,b]. Note that this
notion of parameter transform respects the direction we travel on the curve. Now
for 7 as above also v o1 will be a piecewise C''curve and using the substitution

rule of integration, we see that
/ / ’
¥ ~yo

i.e. the integral is invariant of how we parametrize v. Note that also the
quantities im(y) and length(y) do not depend on how we parametrize v. Given
in particular a continuous function f: U C C — C and defining the 1-form

dz := dz + idy,



we may integrate the form

and get ,
[ == [ seon oa

Let us now come to an important example. For some r > 0, let
v :10,27] = C,t + 29 + re’t,

then ([0, 27]) is nothing but a circle of radius r around the point zo. It is the
boundary of the open disc D = D(zg,r) of radius r around zy. Letting z be in
D and q := z — 29/r and noting that |¢| < 1 and +/(t) = ire®, we see that

1 2 irett 2 1
dw = ——dt =1 —dt.
Lw—zw /0 20—z +rett Z/O 1—qe

Using the famous geometric series 1/(1 —u) = > u* for |u| < 1, we have

2 2
2/ que_itkdt = iqu/ et = 27i,
0 0

where we are allowed to interchange integration with summation (!). Putting
everything together, we see that

1
/ dw = 27i
aDU/—Z

for every z € D. Note that our integral doesn’t depend on the radius r we chose.
Before we now get to the afore mentioned theorem of Cauchy, let us introduce
more terminology:

A piecewise C'! curve v is said to be of Jordan type iff we have v(a) = (b),
~ restricted to [a,b[ is injective and lastly C — im(y) consists of exactly two
connected components of which exactly one is relatively compact, we call the
relatively compact one the interior and denote int(vy). F.e. the curve we used
in our example above, the circle arount a point 23 of some radius r, is of Jordan
type. Given a piecewise C! curve of Jordan type, we say that v is positively
oriented, iff “traveling” on ~y, the interior should be on the left:




Finally, let us recall Greens theorem: Let D C C be the interior of a positively
oriented piecewise C' curve v of Jordan type, then given two C' functions
u,v: U C C — R where U is open and contains the closure of D, then

/ udx + vdy = / Ozv — Oyudzdy.
o D

Theorem 2.1. (Cauchy’s integral theorem) We let v be a positively oriented
piecewise C' curve of Jordan type. Then, if f : U C C = C is a holomorphic
function which contains the closure of the interior of v, then

Lf(z)dz =0.

Proof. Let D be the interior of v and write f = u+iv, where u, v are realvalued.
Then by Greens theorem

f7 f(x)dz = f7 udx — vdy + 14 fv vdx + udy
= [ —0.v — Oyudady + i [}, Oyu — Oyvdrdy
=i [, 0:f(z)dxdy =0

by the charactarization of holomorphic functions given in Lemma 2 of our pre-
vious chapter. O



3 Cauchy’s integral theorem II and Cauchy’s in-
tegral formula

In this chapter, we extend Cauchys theorem from the last chapter a little bit
and derive a corollary from it (another theorem of Cauchy).

In what follows, we let f : U C C — C with U open be a continuous function.
Within U we assume lies a piecewise C! curve v of Jordan type (in the picture
below, this is represented as the boundary of the green colored region) together
with its interior int(vy). We will further assume f to be holomorphic on U except
for one point 2 in the interior of ~.

Since zp is an interior point, we may draw a small (closed) square BCDE
(see the following picture) of side length ¢ > 0 around zy which lies in the
interior of 7. Extending the lines EB and CD to the boundary, we get two
piecewise C! curves of Jordan type, namely 71 = 71 ., following the red arrows
and traveling along A, B,C, D, F, A, and v, = 72, following the blue arrows
through A, F, D, E, B, A, with interiors Dy and Ds:

Now we let 79 = <0, be the closed curve we get when we travel along
B,C, D, E, B. With the help of Theorem [2.1] from the previous chapter applied



to f and the curves v; ¢ and 2  respectively, it follows that

0= fdz + / fdz =
V2,e

V1,

fdz + / fdz,

Y0,e

where we use that in the first sum the integrals over the lines AB and DF
cancel each other out since we integrate in different directions. So, since f is
continuous and therefore bounded on the closure of int(y) (which is compact),
letting ¢ := sup,¢ing () [ f(2)| < oo gives

/ fdz
Y0,¢

as € N\ 0. So we have the following extension of our theorem of Cauchy we
presented in the last chapter (which is also due to Cauchy):

<length(voe) - c=4ec — 0

Theorem 3.1. (Cauchy’s integral theorem) We let v be a positively oriented
piecewise C* curve of Jordan type. We let further f : U C C — C be a continu-
ous function where U is open and contains the closure of the interior int(~y) of
v. Then if f is holomorphic on U except for possibly one point zy in int(vy), we

have
/f(z)dz = 0.
.

Denoting D(r, z9) C C the (open) disc of radius r and center zg and dD(r, zg)
its positively oriented boundary, we may easily deduce:

Theorem 3.2. (Cauchy’s integral formula) Let f : U C C — C be a holomor-
phic function. Let zy be in U and r > 0 for which the closure of D := D(r, zp)
lies in U, then we have for every z in D

1
f(z)=— ﬂdw.
2mi Jop w— 2
Proof. Let z be in D and let

F =@ for w +£z
g w f— w—z
{ fflw) forw=z

Since f is holomorphic on U, g is both holomorphic on U — {z} and continuous
on w = z and therefore on U. Applying g and 9D to Theorem above and
recalling that in the previous chapter we found that [, 1/(w — z)dw = 27i, we
get the assertion of our theorem:

(w)

op W — 2

(2) .
dw = w)dw dw = 2mif(z).
| st [ L2 (2)



Note that Theorem 2 is rather remarkable. By differentiating under the
integral sign with respect to z (we leave it to the reader to check that we are
allowed to do this) and therefore essentially differentiating the function 1/(w—2z)
with respect to z, we find that a holomorphic function is in fact infinitely many
often complex differentiable (1):

Corollary 3.3. Let f : U C C — C be a holomorphic function, then f is
infinitely often complex differentiable with

!
f(n)(z) = % /BD (w i(’l:))n+l dw,

where D = D(r, 20) is as in Theorem 2.



4 Parameter integrals, power series and analytic
continuation

In this lecture, we first discuss two methods of how we can get new holomorphic
functions out of old ones. The first method is via a parameter integral:

Proposition 4.1. Suppose that we have a piecewise C* curve 7 : [a,b] — C
and a continuous function F : im(y) x U — C with U C C open. Suppose
further that for every wy € im(vy) the function z — F(wq, z) on U is complex
differentiable and that the function (w,z) — 0, F(w, z) is continuous. Then the
function

G:U%C,ZH/F(w,z)dw
v

is also complex differentiable with G'(z) = fv 0. F(w, z)dw.

Proof. Let z be in U. Since F' is continuous, we have that for every disc D =
D(0,r) with center zero for which D+ 2z C U is relatively compact, the function

F(w,z+h) — F(w,z)/h for h # 0

oy o= [P0 = Flw )/ for
0. F(w, z) for h=0

is uniformly continuous on im(v) x D. So integrating ¢ (w, h) along 7 and letting

h — 0, we get the assertion of our proposition. O

As a second method we now show that we may get holomorphic functions out
of locally uniformly convergent series of holomorphic functions:

Proposition 4.2. Suppose we have a sequence (f,)n>0 of holomorphic func-
tions U C C — C. Then, if the infinite series Y . fn converges locally uni-
formly on U to the function f : U — C, then f itself is holomorphic and we
have that f() is given by the infinite series Yoo fk"), which is also locally
uniformly convergent.

Proof. First note that since f = > fx is locally uniformly convergent and the fj,
are in particular continuous, f must be continuous (proof is left to the reader).
Let D C U be a relatively compact disc of radius > 0 with positively oriented
boundary 9D, then (fi) converges on D uniformly. By definition this means
that given € > 0, there is an integer IV such that

F(z) =Y fulz) <e

k<m

10



for all m > N and z € D. Choosing n > 0 and letting

|
F.(z) = % - Wf(zj))nﬂdw,

which is of course holomorphic on D by Proposition then for every compact
subset K of D and every z in K

f(w) — Zkgm fi(w)

(w — z)ntl

dw < C, €,

) ™ (] < 7
R -2 6| <5 |

k<m

where C,, = nllength(9D)/2rdist(K,dD)" ! > 0 with
dist(K,0D) :=inf{|z1 — 22| : 21 € K, 20 € 9D} >0

and where we have used Cauchy’s integral formula for the n—th derivative of a
holomorphic function. Now, since D, e and K were chosen arbirary, we see for
all n that F,, = > f,g") locally uniformly, but since Fy = f by assumption, we
have that f is holomorphic and that F,, = (™ for all n > 0. O

e will now look at complex power series. Given a point zp in the complex
We will look at 1 G t th 1
plane, then a complex power series in z around zy is an infinite series

F) =3 an(z— 200",
n=0

where the numbers a,, are in C. Recall that for a sequence (by),>0 of real
numbers one defines the limes superior, written lim,>¢b,, to be

lim,, s oosupy {b : & > n}

which, being the limes of a monotonically decreasing sequence, is a unique el-
ement in [—oo,00]. To f above we may associate a unique element R out of
[0, 00] given by R = 1/L, where L = lim,>¢ {/|a,|. R is called the convergence
radius of f. Furthermore, the open disc D = D(zp, R) around z of radius R
will be called the (open) disc of convergence of f. The names we gave R and D
are justified by the following well known result on power series:

Theorem 4.3. Let f(z) = > 7" jan(z — 20)" be a complex power series with
convergence radius R. Let further D = D(zg, R) be the disc of convergence of
f- Then f converges absolutely and locally uniformly on D. It may converge at
points on the boundary 0D of D and it diverges outside the closure D of D.

Proof. (omitted) O

11



Let us give two more facts about complex power series which we will use below:

Proposition 4.4. Let f(z) = > an(z — 20)" be a complex power series. Then
the following hold:

1. f restricted to its disc of convergence gives a holomorphic function.

2. Let g(z) = > bp(z — 20)™ be a second complex power series, and assumne
that both f and g have a positive radius of convergence. Suppose further
that for a sequence (wy)k>0 of points in C — {zo} which converges to zg
we have f(wg) = g(wy) for almost all k > 0, then a, = b, for all n > 0.

Proof. Assertion 1. follows directly from Proposition where we let f,(z) =
an(z — 29)™. For assertion 2., note first that limf(wg) = f(20) = g(20) =
limg(wy), i.e. we have ag = bg. Assuming now that ap = by for k =0,1,2,....n
for some n > 0, then the function

Fiey o 12— 0)

(z — zp)t1

is locally continuous around zy and we have F(wy) = 0 for almost all k. So we
have imF'(wy) = 0, i.e. apt1 = bpt1. By induction 2. follows. O

Having introduced complex power series, we may now formulate another char-
acterization of a function being holomorphic.

Theorem 4.5. A function f : U C C — C is holomorphic iff at every point
zo in U and for every R > 0 such that the closure of D(z, R) lies in U, we
have that f restricted to D(zg, R) is a complex power series around zy with a
convergence radius larger than R.

Proof. “=": Suppose f is holomorphic, then by Corollary of the previous
chapter, f is infinitely many times complex differentiable. So given 2y in U, we
may consider the (formal) power series

< £(m) (2
F(z) = Z fi()(z —z0)".

n!
n=0

Using the integral representation of f(™(z)/n! from Corollary then for
every D = D(zg, R) whose closure lies in U, we have

f™ (20) 1 f(2)
’ 2 /8D (2 — 2o)" ! e

1
<
27

2nR-C - R~(") = ¢/R".

n!




£ (20)

where C' = sup,cp|f(z)]. From this we get lim,>o o

< 1/R, using

that for a positive constant ¢ we have {/c — 1 as n — oo. Since we may make
D a little larger by slightly increasing R and have that the closure still stays
in U, we see that f restricted to D is a complex power series around zy with

convergence radius greater than R.
“<" Since at every point zp the function f a complex power series with
positive convergence radius, it is holomorphic there. So f itself is holomorphic.
O

Let us now end this chapter with a remarkable fact about holomorphic func-
tions. We say that an open subset G of C is a region (“Gebiet” in german) iff
it cannot be written as a union of two non-empty and disjoint open sets. Then
the following holds:

Theorem 4.6. (Analytic continuation) Given two holomorphic functions f,g :
G C C — C, where G is a region in C. Suppose that f(z) = g(z) on a sequence
of distinct points with limit point in G. Then f(z) = g(2) throughout G.

Proof. Combining Theorem [4.5] and Proposition (2.), we see that f and g
agree on a small open disc D C G of positive radius.

We let U := D and for n > 1 build the set U, 1 out of U, as the union of all
relatively compact open discs in G whose centers are in U,,. Then obviously for
all n > 1 we have U,, C U, 41 C G, U, is open and we have f(z) = g(z) on U,
by using Theorem [4.5 and Proposition (2.). We let V be the open subset
Up>1Up of G and let V' := G — V. Suppose now there was a zp in V’ which
was a boundary point of V. Then we would have that very close to zy there was
a point wy in one of the sets U, for which a relatively compact disc in G with
center wy existed which contained zg , i.e. then 2y € U,41 C V, a contradiction.
So V' contains no boundary point of V' and must therefore be open since G is
open. But since G = VUV’ is a region and V # (), we must have V' = (, which
concludes our proof. O

13



5 Zeros and poles

Let us now talk about zeros and poles. Suppose we have a holomorphic function
f:UCC — C. A zero of fis any point z9 in U such that f(z9) = 0. By
the analytic continuation theorem from the last chapter, it follows that on any
region G C U we must have that f is either completely zero or it has at most
isolated zeros, i.e. the zeros of f have no limit point in G. Note that the latter
means that for every isolated zero z in U, we have f(zp) = 0 and f(z) # 0 for
all z # zp in a small non-empty open disc with center zy. Given an isolated
zero zg of f in U, then by writing f around zp as a complex power series (see
Theorem 5 of our last chapter)

f(z) =) ax(z — 20)",
k=0

we see that there is a smallest integer n > 1 such that a,, # 0 and a; = 0 for
k < n. Note that by the uniqueness of the coefficients aj, (see Proposition
(2.) of the last chapter), we have that n is also unique. The number n is called
the order (or the multiplicity) of our zero zo. If n = 1 then 2z is called a simple
zero. So we have

f(2) = (2 = 20)"[an + ani1(z = 20) + ... = (2 = 20)"9(2),

where g is a holomorphic function which is non-vanishing in a small neighbour-
hood of zy and for which g(z9) = a,, # 0.

To define what a pole is, let us recall that the punctured disc of radius R and
center zg, written D’(2p, R), is the open set

D(zp,R) — {20} ={#:0 < |z — 20| < R}.

Suppose that the function f is holomorphic on a punctured disc D’ = D’(z, R)
of positive radius R with center zy. By the analytic continuation theorem, we
may assume that f does not vanish on D’. We say that f has a pole at zq iff the
function 1/f defined on D’ can be extended holomorphically to a function of
the full disc D = D(zp, R) with value 0 at z;. By what we have reasoned above
in the case of zeros, we have that there is a unique positive integer n with

1/f(2) = (z = 20)"g(2) or f(2) = (2 = 20)""h(2),

where h = 1/g is holomorphic and non-vanishing on the full disc D = D(zo, R).

We call n the order of the pole at zg and call the pole a simple pole iff n = 1.

Expanding h around zg as a complex power series (of positive convergence ra-

dius), renaming its unique coefficients appropriately and dividing the summands

by (z — 20)™, we see that for every z in D’ we have
a_n

_ G —n+41
1) = (z—20)" " (z—20)" " e

a_y

(z — 20) +rz),

14



where a_,, # 0, the coefficients a;, are unique and where r(z) is holomorphic on
D. The sum above to the left of r(z) is called the principal part of f at zo and
a_; is called the residue of f at zp, written Res,, f.

Now, let C be a positively oriented circle in D, where zg is in the interior of
C. Recall that by Cauchys integral formula from the last chapter, we have for
every constant function F'(z) = a

k! a
k —
F( )(ZO)—%/C (Z—Zo)k"'le,

where F(©)(zy) = a and F*)(zy) = 0 for k& > 1. Using this on the principal part
of f at zp and using Cauchys integral theorem on r, we see that

n a_p . .
/Cf(z)dz = ; /C mdz + /c r(z)dz = 2mia_1 = 2miRes,, f. (5.1)

Using what we have observed above, we can prove the famous residue theo-
rem:

Theorem 5.1. (Residue theorem) Let v be a piecewise C' curve of Jordan
type in the complex plane. Suppose further that we have a function f which is
holomorphic on an open set containing v and its interior, except for some poles
at points z1, 22, ..., zn in the interior of . Then

/ f(z) =2mi i Res,, f.
v k=1

/Wf(z)dz/% f(z)der/% F(2)dz

where 7, and v» are the piecewise C' curves of Jordan type drawn in the follow-
ing picture (for v; we follow the blue arrows and for v2 we follow the red arrows,
the boundary of the green area shows v and during integration the additional
path we introduced and which separates the interiors of v and 2 cancles out)

Proof. Writing

15



and where the interior of v; contains exactly one pole P; of f, we see that
we are by induction reduced to the case n = 1. For the proof of the case n =1
we consider the following picture:

16



The circle around the pole P, which we will denote ¢, is assumed to be small
enough such that the integral formula holds. Now as in the picture indi-
cated, we introduce, appart from v which as always is depicted as the positively
oriented boundary of the green region, two additional piecewise C' curves of
Joran type, namely 7; and -, where for v; we travel along the blue arrows
beginning say at D and going through A, B, C, around the circle to D again
and where for v, we travel along the red arrows beginning say at D going along
the circle to C, then to B and along v to A and to D again. Using Cauchys
integral theorem on 75, we certainly have

[yf(z)dzzfy1 f(z)dz + 5 f(z)dz:[Yl F(2)dz.

Introducing the piecewise C'' curve of Jordan type 73 where we start say at C
travel along ¢ from C to D, then to A, to B and to C again, we see again by
Cauchys integral theorem and the fact that during integration we have to pass
the line between the points D, C shared by 73 and ¢ in opposite directions,

[ 1z = [ sra+ RCE / RCC

17



So putting everything together and using formula ([5.1), we see that
/f(z)dz = /f(z)dz = 2miResp f.
¥ c

This concludes our proof.
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6 Logarithms

In this chapter we we will talk about logarithms. To do that, let first us re-
call /reintroduce the exponential function. The exponential function is defined
as the complex power series

exp(z Zk|—1+z+z2/2+z3/6+

Since R = 1/lim sup~ ¥/1/k! = 0o, exp converges everywhere absolutely and
locally uniformly. It therefore gives an example of a so called analytic function,
i.e. a function which is holomorphic on the whole complex plane. Using the
famous binomial theorem, we get

k

(z—|—w gk _ Z°w
n! _n'z KON

k+l=n

Summing this over all n > 0, we see that for all complex numbers z, w we have

exp(z + w) = exp(z)exp(w).

This is called the functional equation for the exponential function. Since in
particular

1 = exp(=)exp(~2),
we see that exp vanishes nowhere on C and that it is positive on R, since it is

positive for every non-negative number and therefore has to be positive on the
negative numbers. Also, since for x in R we have

exp(iz) = exp(iz) = exp(—iz),

it follows also that |exp(iz)| = 1, i.e. that exp(ix) lies on the unit circle. More
precisely, introducing the complex power series

> k2k

cos(z) 1= E ~————— and sin(z

=0 k=0

k 2k+1

2k+1 ’

M8

which are, as one easily checks, both analytic, then obviously
exp(iz) = cos(z) + isin(z).
So we have in particular for real numbers z that
2

exp(iz) = cos(x) + isin(z) and 1 = cos(x)? + sin(z)?.

Finally, the reader may verify that using exp(ix), we hit every point on the unit
circle. So every point in the complex plane, except zero, can be expressed as

exp(x + iy) = r - (cos(a) + isin(a))
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where we let y = o and r = exp(z) > 0.

Having considered (briefly) the exponential function as a function on the
complex plane, let us now come to logarithm functions. First some notation:

Given two points z1, 2o in the complex plane, then an integration path from
21 to zp is any piecewise C! curve 7 : [a,b] — C (a < b) which is injective on
[a,b] and for which ~,(a) = z1,7.(b) = z2. The point z; is then called the start
point and z3 is called the end point of 7. As defined earlier, ~ is called closed iff
start and end point are equal and it is called of Jordan type iff it is closed and
positively oriented. Let U be an open subset of C. We call U path-connected iff
for every pair z1, 2o of points in U there is an integration path from z; to zs.
Furthermore, we call U simply connected, iff U is path-connected and contains
the interiors of all the closed integration paths within U:

Sieardy coensch e sl Gl

Finally, we call a subset U of C a simply connected domain or a domain
without holes iff U is open and simply connected.
Using Cauchy’s integral theorem, we first prove the following proposition:

Proposition 6.1. Let 1,72 be two integration paths which have the same start
and end points and which lie within a simply connected domain U C C. Then
we have for every holomorphic function f:U C C — C that

(2)dz = -[w f(z)dz.

71

Proof. Let us denote the start point of our curves z; and their end point zo.
Denoting 7175 * the closed curve where we travel first along ; from z; to z; and
then in reversed direction along 7o from zy back to z; (72 reversed is usually
denoted 5 1), we get a closed curve which consists of finitely many closed inte-
gration paths that are connected by lines which are travelled in both directions
exactly once:
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Obviously, we have

/71721 f(2)dz = /71 f(2)dz — Lz £(2)dz,

where we use the fact that integration over a curve in the opposite direction
changes the sign of the integral. Since the integral on the left vanishes on closed
integration paths by Cauchy’s integral theorem and since the integration of a
line in both directions exactly once gives zero, we have that our integral on the
left is zero and the proposition follows. O

In light of the previous proposition, we may make the following definition:

Definition 6.2. Let U C C be a simply connected domain and f: U — C a
holomorphic function. Then for every integration path « from z; to 2z in U, we

write o
/z1 f(z)dz ::Lf(z)dz.

As a consequence of our Proposition [6.1] we have the following corollary:

Corollary 6.3. Let U C C be a simply connected domain and let zg be a point
in U. Then for every holomorphic function f : U — C, the function

F:U—)(C,z»—)/ f(w)dw
is holomorphic with F' = f. If G’ = f for another holomorphic function G on

U, then F = G + ¢ for some constant c in C.

Proof. Let z be in U. Then for all h with z+h in U, we have by our proposition

above oh
(F(z+h) — F(2))/h = % / F(w)dw.
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For h small enough, the line sement v(¢) = z + th with ¢ € [0,1] and where
~'(t) = h lies within U and it follows

z+h 1
%/Z f(w)dw = ill/vf(w)dw—/o f(z+th)dt — f(z)

as h — 0. So the the first assertion of our collary follows. For the second
assertion, note that (F—G)’ = 0 on U and that therefore F — G, written locally
as a powerseries, must be constant because of the uniqueness of powerseries
coefficients. O

Definition 6.4. A logarithm of a holormorhic function F' : U — C is any
holomorphic function f: U — C such that

F=¢f
on U.

Theorem 6.5. If U C C is a simply connected domain, then any holomorphic
function F : U — C which is non-vanishing on U possesses a logarithm. In fact,
every logarithm of F can be written as

z F/(w)
f(z)= / dw+C
z0 F(w)
for some fized zo in U and some constant C' in C. In particular, two logarithms

of F differ only by a constant.

Proof. First note that if f is a logarithm of F, then F' = f'ef = f'F or f' =
F'/F, so by Corollary above, f has an integral-representation as claimed in
our theorem.

Let now G(z) := e9(*) where

g(z) = /Z 2/((11)) dw

w)

with z € U. We show that ¢G = F for some non-zero constant ¢ in C. Then for
every C with ¢ = e, the function f = g + C will be a logarithm of F(z). We
have

G'(:) = 4 ()G(2) = ) G)
or
G'(2)F(z) = F'(2)G(2) (6.1)

on U. Fixing a w in U and expanding F, G around w as power series

F(z) = Zak(z —w)* and G(z) = Zbk(z —w)*,
k=0 k=0
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where ag, bg # 0 because F, G do not vanish everywhere on U, we will show by
induction that a,, = cb,, where ¢ = ag/bg and n > 0:

Obviously, we have ag = cby. Suppose now that for some n > 0, we have
ar = cby, when n > k > 0. Using equation and comparing the n—th
coefficient of both sides, we have

n n

Z(k + Dbgs10n—k = Z(k + 1)ak41bn—k

k=0 k=0
or

n—1

(n+ Dbpr1a0 = (n+ )aps1bo + Z(kﬁ + 1) (ak+1bn—k — bkr1an_g)-
k=0

So since for k = 0,..,n — 1 we have by induction
apy1bn—k — bpp10n—p = chpp1bn_p — chpg1bn_p =0,

it follows a,,+1 = ¢bp41. So since U is in particular a region, we have F' = ¢G
by analytic continuation. This concludes our proof. O
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7 Meromorphic functions and products

In this lecture, we look at some well known facts about products. Given an
open subset U of C, then a meromorphic function on U is any holomorphic
function f : U — Ny — C, where Ny is a discrete subset of U where f has poles.
F.e., given a non-zero polynomial p(z), then f(z) = 1/p(z) is a meromorphic
function on C where Ny is the set of zeros of p(z). Ny in this case is not only
discrete but also finite. In fact Gauss proved, as we will do also shortly using
Complex analysis, that p(z) is a product of (finitely many) linear factors:

Theorem 7.1. (Fundamental Theorem of Algebra) Every complex polynomial
of positive degree has a zero.

Since for every non-zero polynomial of p(z) positive degree we have p(z) — oo
as z — 00, the Theorem [7.1] follows from

Theorem 7.2. (Liowville) Given a holomorphic function f on the complex
plane which has no zeros and such that 1/ f is bounded, then f must be constant.

Proof. By assumption, there is a real number ¢ > 0 such that |1/f(z)| < ¢ for
all complex numbers z. Given a complex number zy, then we have for every
circle C. of radius r and center zy that

PP R A R N D .
0ol = | [ Fmmge| < gemrer? =

for all » > 0. Letting r — oo, we see that (1/f)'(z9) = 0. And since ¢ was
arbitrary, we see that (1/f)'(z) = 0 for all z in the plane, i.e. 1/f and therefore
also f must be constant. O

Obviously, given two meromorphic functions fi, fo on an open subset U of
the complex plane, then also their sum f; + fo and their (pointweise) prod-
uct f1fo is meromorphic. Moreover, if fi, fo are meromorphic with fo being
non-trivial, i.e. not completely zero, in any region within U, then fi/fs is
meromorphic since by analytic continuation f; can only have a discrete set of
ZETO0S.

A divisor D on the complex plane will be any function D : C — Z where
the support of D is a discrete subset of C. It is sometimes convenient to write

D= {(ao,no), (al,nl), }

where {ag, a1, ...} is a discrete set of points in C and where the numbers ng, ny, ...
are non-zero integers. Obviously, given a nowhere trivial meromorphic function
f(z) on the complex plane, we may form the divisor Dy where Dy(a) = n when
a is a zero of order n and Dy(a) = —n if a is a pole of order n.

Question: Given an arbitrary divisor D on C, is there a meromorphic func-
tion f with D = Dy?

As we will see below, the well-known answer to this question is yes! Since
obviously

Dyy = Dy + Dy and especially D,y = —Dy,
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we are reduced to the case where D(z) > 0 for all z, i.e. the case where D is
positive. Also, if supp(D) is a finite set, we have D = D,,,, where p(z) and ¢(z)
are appropriately chosen polynomials. So in sum we need to deal with the case
where supp(D) is infinite (and therefore unbounded) and where D is positive.
In what follows we let log(z) be the natural branch of the logarithm, i.e. we

let
log(z / —dw

where z is in C — R>q. Before we proceed let us list some properties of log(z):
Lemma 7.3. The following are true:
1. We have the power series expansion around zero
—log(1 — 2) Z —
n>1
with radius of convergence R = 1.

2. For |z| <1/4 we have
2 4
3 lul < [log(1 +w)[ < Zul.

3. Let en(z) = log(1 — z) + Zgzl %
|z| <1/4 we have

Then for every N > 0 and every
len(2)] <4/312/VF

4. Let E,(z) = explen(z)) = (1 — 2)exp(>_p_, %) Then whenever n > 0
and |z| < 1/4, we have

1= B (2)] <202

Proof. To prove 1., note that the power series on the right clearly is absolutely
and locally uniformly convergent on the open unit disc and it diverges outside
its closure, so it has a convergence radius of one. Furthermore, within a small
disc around zero, both sides have the same derivative, namely

=y

In particular up to the constant term, both sides have the same power series
expansion around zero. But since log(1 — 0) = 0, they have the same.
To prove 2., we use 1.: Since for |z| < 1/4

S S <1y

n>2 n>0 ‘ |

< 1/3|z,
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we have
2/3|z] = |z] = 1/3z] < |log(1 — 2)| < [2] 4+ 1/3|z] = 4/3]2|.
Again using 1., we prove 3.:
We have

N

log(1l —z) + Z

Z Z §|Z|N+1 1| ‘<4/3‘ FLES
n

n>N+1

Finally, 4. is simply a consequence of 3.: We have

4‘ |n+1

len(2)]F . ner)” .
|17En(2)|§2 Kl _3 |+lz |le W_2||+1

k>1 : k>0

O

Inspired by Lemma (2.) and the continuity of the exponential function,
we define:

Definition 7.4. We say that the infinite product [] .,(1 — ay,) converges ab-
solutely iff Y log(1—a,) converges absolutely. Moreover, we say that a product
[1(1 = fn.(2)) converges absolutely and locally uniformly on a subset U of the
complex plane iff Y log(1 — f,(z)) does.

Clearly, in the case of convergence, the product [[(1 — f.(2)) will be a
holomorphic function whenever the functions f,(z) are. Let us now come to the
main theorem of this chapter:

Theorem 7.5. (Weierstrass) Given a divisor

D= {(ao,no)7 <a17nl)a (a2an2)7 } )

where 0 = |ag| < |a1] < Jag| < |as] < ... and a, — 00 as n — oo, then the
function

£(2) == 2" [[ (Brany (2/ar))™

E>1

defines a holomorphic function on the complex plane and satisfies D = Dy. If
g(2) is another such function then f/g = e for a holomorphic function h on

C.

Proof. Let R > 0. Since ay, — 0o as k — oo, there is a constant kg > 0 such
that |2/ay| < 1/4 for all k > ko and all z with |2| < R. So using Lemma [7.3]
(4.), we have

ZkaO Nk |Ek+nk (z/ak) — 1| Zkao My |z/ak\k+"’“+1

Z ng o1
k>ko 47k ~ 4RF1

ININ A
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This means that f(z) converges absolutely and uniformly on the closed disc
around zero with radius R, and since R was arbitrary f(z) forms an absolutely
and locally uniformly convergent product of holomorphic functions and is there-
fore itself holomorphic. Obviously, by construction, we have D = D;. Finally,
from what we know about logarithms, if the holomorphic function g(z) on the
complex plane also satisfies D = D, then the meromorphic function f/g defines
a function which has no poles and no zeros on C and therefore has a logarithm
on C. This proves the last assertion of the theorem. O
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8 The gamma function and the Riemann zeta
function

In this chapter, we get a first glance at the famous Riemann zeta function and
thereby give examples for the topics we have developed so far. Our introduction
to this function is absolutely standard and follows Riemanns very beautiful
article [1], where beautiful refers to both its very influential and important
content and also in how it is written; this article is de facto a master piece, in
it, Riemann formulates what is today known as the Riemann hypothesis.

Given a complex number s = ¢ + it with ¢ > 1, we introduce the Riemann
zeta function  as the infinite series

¢(s) := Z n=°.
n=1

Since [n~*| = [n77| < [" a79dx for n > 1, we see that [((s)| < 1+
Jyo127%dx = 0/(0 — 1) and therefore that ((s) converges absolutely and lo-
cally uniformly when o > 1 and consequently forms a holomorphic function by
Proposition Using the uniqueness of the factorization of natural numbers
into prime powers, we immediately get the important fact that for o > 1 we

have
)=> n =D p*=[Ja-p "

p k>0 p

where p runs through the set of prime numbers (this f.e. has been used by Euler
in the case where s is real).

To learn more about ((s) as a complex function, Riemann used the Gamma
function which is defined as the integral

T'(s):= / e “u*tdu.
u>0

This integral converges absolutely for every o > 0 as a simple calculation shows.
Then I'(s) = >, 51 (I'nt1(s) =T'n(s)) where I';, (s) := ff?m e~ %u*"tdu converges
absolutely and uniformly. Using Proposition[d.I)and Proposition[f.2] we see that
I'(s) forms a holomorphic function for all s where o > 0.

Now, using integration by parts, we see that

1
T(s) =e “u’/s|g° —|—/ e “u’/sdu=-T(s+1)
u>0 s

for 0 > —1 forms a meromorphic function with a simple pole at s = 0, since
(1) = fu>0 e “du = 1 # 0. Repeatedly applying this technique, we see that
we may extend I'(s) meromorphically to the whole complex plane with simple
poles at s = 0,—1,—2, —3, ... and satisfying the functional equation

I'(s+1) =s[(s).
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Now let us see how cleverly Riemann shows that ¢ also can be extended
meromorphically to the complex plane and that it also satisfies a functional
equation. We let

O(x) = Z e ] 4 2w(x)

neE”Z

w(z) = Z e,

n>1

where

Both © and w converge uniformly for > € > 0. Moreover, one can check (may
be we will do that in a later chapter using complex analysis) that © which is an
example of a so called “theta function” satisfies the functional equation

O(1/z) = VaO(z)

or equivalently
w(l/z) = —1/2 4+ Vo /2 + Vow(x).

Now using the uniform convergence of w, we see that

12T (s/2)¢(s) = m—8/? Z n° / e "t/ *  du = / w(v)v® > d,
n>1 u>0 v>0

where we get the last equality by letting v = wn2v. The right hand side of the

last equation is equal to

1 [e%s}
/w(v)vs/Q_ldv—i—/ w(v)vs/Q_ldv

0 1

which after letting v +— 1/v in the first integral and applying the functional
equation of w and summarizing terms results in the identity

T2 (s/2)¢(s) = —1/s +1/(s — 1) + /100 w() (w27 o324y, (8.1)

The identity is remarkable: The integral on the right hand side converges
for all s locally uniformly (note that w(z) = O(e~™")) and therefore forms a
holomorphic function on the complex plane. Since I" has a (simple) pole at zero,
we see therefore that ( is in fact a meromorphic function on the whole complex
plane with only one simple pole at s = 1. But not only that, the right hand side
of is invariant under the transformation s — 1 — s, so we get a functional
equation. Now consider the zeros of ¢ for ¢ < 0: ¢ must have zeros of order
one at s = —2, —4, —6, ... since the right hand side of is holomorphic for
o < 0, obviously positive (i.e. non-zero) for real s < —1 and I" has simple poles
at s = —1,—2,.... Any other zero at ¢ < 0 of ¢ would lead by the functional
equation to a zero of I" at o > 1/2 or ¢ at o > 1 where as one checks they have
no zeros. So we have the following result:
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Theorem 8.1. (Riemann) ((s) can be meromorphically extended to the whole
complex plane. More precisely, in C — {1}, ((s) is holomorphic and it has a
simple pole at s = 1. Moreover, we have

7 *20(s/2)¢(s) = 7~ TIPD((1 - 5)/2)¢(1 — 5).

For o <0, ((s) has precisely the zeros s = —2,—4,—6, .... and they are of order
one.

Remark 8.2. There is of course a lot more to say, f.e. the zeros mentioned in
the theorem have all order one. And there is the critical strip we have not
mentioned yet. This will come hopefully later ...

[1] Riemann, Bernhard, Ueber die Anzahl der Primzahlen unter einer gegebe-
nen Groesse, Monatsberichte der Koeniglichen Preussischen Akademie der Wis-
senschaften zu Berlin. Aus dem Jahre 1859. S. 671-680.

https: //www.claymath.org/sites/default /files /zeta.pdf
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